We consider the finite element method solving a fluid-solid interaction (FSI) problem in two dimensions. The original problem is reduced to an equivalent nonlocal boundary value problem through an exact Dirichlet-to-Neumann (DtN) mapping defined on an artificial boundary enclosing the solid. The solvability results are established for the corresponding variational problem and its modified form resulting from truncation of the DtN mapping. Regarding to the numerical solutions, we derive a priori error estimates involving the effects of both finite element discretization and infinite series truncation. Numerical examples are presented to illustrate the accuracy of numerical schemes and validate the theoretical results.
Introduction
In this work, we consider numerical solutions of the time-harmonic fluid-solid interaction (FSI) problem, the scattering of a time-harmonic acoustic incident wave by an elastic body immersed in a fluid. This problem plays an important role in many fields of application, including exploration seismology, oceanography, and non-destructive testing, and to name a few. We consider the linear, isotropic and bounded elastic body whose displacement field is modeled by the time-harmonic Navier equation. The medium outside the elastic body is filled with a homogeneous compressible inviscid fluid and the acoustic scattered field is described by the Helmholtz equation together with the Sommerfeld's radiation condition at infinity.
It has been studied extensively in the past several decades to develop efficient and accurate numerical methods for the solution of time-harmonic FSI problems. One of the popular methods is the boundary integral equation (BIE) method ( [32, 38] ) which leads us to solving a system of boundary integral equations defined on the transmission boundary. In addition to the well-known advantages associated with BIE methods, there also exist some restrictions, such as eigenvalue issues and hyper-singularity features associated with boundary integral operators, which need to be extraordinarily considered for this method. The second method is the coupling methods, for instance, using the boundary element method (BEM) to solve the acoustic problem while the finite element methods (FEM) is employed to approximate the interior elastic wave leads to a coupled FEM-BEM method ( [3, 6, 7, 25, 33, 40] ). Advantages of this method include the feasibility of dealing with elastic mediums with variable coefficients, comparatively less requirement on the shape of artificial boundary and the fact of naturally and exactly taking into account the Sommerfeld's radiation condition, and to name a few. The third way is to introduce an artificial boundary or an absorbing layer so that one can reduce the original unbounded problem to a nonlocal boundary value problem which could be solved using field equation solvers such as the FEM. In this case, proper absorbing or non-reflected boundary conditions are required to be defined on the artificial boundaries or layers. There are mainly two strategies for the definition of such artificial boundary conditions applied to the exterior time-harmonic acoustic scattering. One is called the perfectly matched layer ( [2, 4, 5] ), and the other is the Dirichlet-to-Neumann (DtN) mapping based on Fourier series expansions ( [9, 10, 31] ). Coupling of the DtN mapping and the FEM leads to the so-called DtN-FEM ( [17] ) which is the method we use in this work to solve the FSI problem.
There exsiting some issues for the DtN-FEM solving the scattering problem. The first one is the limitation on the shape of the artificial boundary, and it has been considered in earlier works ( [35, 36] ) where the authors apply perturbation methods to the DtN mapping so that it can be defined on a perturbed curve of the artificial boundary with regular shape such as a circle or an ellipse. The second issue is the potential loss of uniqueness for the solution of modified nonlocal boundary value problem due to the truncation of infinite series of DtN mapping. In [18] , the authors defined a modified form of the DtN mapping to circumvent this difficulty. This modified form of DtN mapping is equivalent to the original DtN mapping, and however is not equivalent to the one after truncation ( [21] ). From the numerical point of view, authors of [22] suggested to make a choice of N ≥ kR, where N is the truncation order of infinite series, k is the wave number and R is the radius of circular artificial boundary. The third problem is related to the error estimate due to truncation of the DtN mapping, and the errors are indeed understood ( [36] ) to have an order of exponential decay. For problems of Laplace and linear elasto-statics, authors of [19, 20] have derived an priori error estimates indicating such effects based on the fact that the corresponding sesquilinear form is positive definite. However, it is nontrivial to apply the technique in [19, 20] to the acoustic and elastic scattering problems since the corresponding sesquilinear form is usually indefinite. In this work, we take the FSI problem as the model problem to investigate the last two issues mentioned above for the DtN-FEM. Without doing modification, we will give a novel and strait-forward procedure to prove the unique solvability (Section 4.2) of the truncated variational equation for FSI problem instead of a proof of contradiction in ( [27] ) where the exterior acoustic scattering problem was considered. In order to investigate the errors due to the truncation of the infinite series DtN mapping, we derive a new and more apparent truncation error estimates declaring exponential attenuation between the exact DtN mapping and its truncated one (Theorem 4.2). Based on these two results, we are allowed to derive a priori error estimates (Theorem 5.3 and 5.4) involving the effects of both finite element discretization and infinite series truncation, and in particular, explicitly indicating the order of exponential decay due to the truncation of DtN mapping.
The remainder of the paper is organized as follows. We first describe the classical FSI problem in Section 2, and then reduce the transmission problem to an equivalent nonlocal boundary value problem in Section 3. Essential mathematical analysis for the corresponding variational equation of the nonlocal boundary value problem and its modification due to truncation of the DtN mapping are discussed in Section 3 and 4, respectively. In Section 5, we establish a priori error estimates including both effects of numerical discretization and for the finite element solution of the modified variational equation. Several numerical experiments are presented to confirm our theoretical results in Section 6 and finally we make a conclusion in Section 7.
Statement of the problem
Let Ω ⊂ R 2 denote a bounded and simply connected domain with sufficiently smooth interface Γ = ∂Ω, and Ω c = R 2 \ Ω ⊂ R 2 be the unbounded exterior region. The domain Ω is occupied by a linear and isotropic elastic solid determined through the Lamé constants λ and µ (µ>0, λ + µ > 0) and its mass density ρ > 0, and Ω c is filled with compressible, inviscid fluids. We denote by c 0 > 0 the speed of sound in the fluid, ρ f > 0 the density of the fluid, ω the frequency and k = ω/c 0 the wave number. The fluid-solid interaction problem to be considered in this work is to determine the elastic displacement u in the solid and the acoustic scattered field p in the fluid provided an incident field p inc . It can be described mathematically as follows. Given
2)
3) 4) and the Sommerfeld radiation condition 5) uniformly with respect to allx = x/|x| ∈ S := {x ∈ R 2 : |x| = 1}. Here, ∂/∂n is the normal derivative on Γ (here and in the sequel, n is always the outward unit normal to the boundary), i = √ −1 is the imaginary unit. ∆ * is the operator defined by
and the standard stress operator T is defined by
It is known ( [30] ) that the problem (2.1)-(2.5) is not always uniquely solvable due to the occurrence of traction free oscillations for certain geometries and some frequencies ω. These ω are also known as the Jones frequencies which are inherent to the original model. We conclude from [32] the following uniqueness result.
Theorem 2.1. If the surface Γ and the material parameters (µ, λ, ρ) are such that there are no traction free solutions, the boundary value problem (2.1)-(2.5) has at most one solution. Here, we call a nontrivial u 0 a traction free solution if it solves
To simplify the presentation throughout the dissertation, we shall denote by c > 0, α > 0 and β ≥ 0 generic constants whose precise values are not required and may change line by line.
3 Nonlocal boundary value problem
DtN mapping
We introduce an artificial circular boundary Γ R := {x ∈ R 2 : |x| = R} such that Ω ⊂ B R := {x ∈ R 2 : |x| < R}. The artificial boundary decomposes the exterior domain Ω c into two subdomains. One is the annular region Ω R = B R \Ω between Γ and Γ R , and the other is the unbounded exterior region Ω c R = R 2 \B R . On Γ R , we impose the exact transparent boundary condition
where S is known as the DtN mapping from 2) or equivalently,
Here and in the sequel, the prime behind the summation means that the first term in the summation is multiplied by 1/2. The transparent boundary condition (3.1) defines a nonlocal condition for p on Γ R since the Dirichlet data p over the entire boundary Γ R are required to compute the Neumann date ∂p/∂n at a single point x ∈ Γ R . We have the following mapping property for S (see Theorem 3.1 in [27] ). 
Reduced problem
Now, the transmission problem (2.1)-(2.5) can be equivalently replaced by the following nonlocal boundary value problem: Given
The uniqueness result for the nonlocal boundary value problem (3.5)-(3.9) is established in the next Theorem.
Theorem 3.2. If the surface Γ and the material parameter (µ, λ, ρ) are such that there are no traction free solutions, the nonlocal boundary value problem (3.5)-(3.9) has at most one solution.
Proof. It is sufficient to prove that the corresponding homogeneous boundary value problem of (3.5)-(3.9) has only the trivial solution. Suppose that (u 0 , p 0 ) is the solution of the corresponding homogeneous value problem of (3.5)-(3.9). Now let p 1 be the solution of the following exterior Dirichlet problem for the Helmholtz equation 
Then p 1 has the explicit representation form
Calculating the normal derivative of (3.11) and taking the limit as r → R, we obtain on Γ R ,
because of the boundary condition (3.10). In addition, the nonlocal boundary condition (3.9) gives
Therefore,
then by (3.10) and (3.12), we can see that both p and ∂p/∂n are continuous across the interface Γ R . Hence, (u, p) is the solution of the corresponding homogeneous boundary value problem of (2.1)-(2.5). Then the assumption leads to
This completes the proof.
Weak formulation
Now we study the weak formulation of (3.5)-(3.9) which reads: Given
where
and
, respectively, and defined by 
where c is the continuity constant independent of U and V.
Proof. We begin with the sesquilinear form a 1 (·, ·). The Cauchy-Schwarz inequality yields
where c > 0 is a constant independent of u and v. Similarly, we have
where c > 0 is a constant independent of p and q. Also, according to the Cauchy-Schwarz inequality and the trace theorem, we know
where c > 0 in (3.16)-(3.17) are all constants independent of U and V. Next, we consider the sesquilinear form b(·, ·). The Cauchy-Schwarz inequality, the boundedness of the DtN mapping S and the trace theorem give
where c > 0 is a constant independent of p and q. Therefore, by combining (3.14)-(3.18) and applying the arithmetic-geometric mean inequality, we complete the proof.
Theorem 3.5. The sesquilinear form A(·, ·) in (3.13) satisfies a Garding's inequality taking the form
where α > 0, β ≥ 0 and 0 < ε < 1/2 are constants independent of V.
Proof. We first consider the sesquilinear form a 1 (·, ·).
and from the Korn's inequality ( [23] ) we know that there exists a constant α > 0 such that
If λ ≥ 0, (3.19) yields
If λ < 0, we have
Then a combination of (3.20) and (3.21) leads to
Therefore, the Sobolev embedding theorem gives
where α > 0, β > 0 and 0 < ε < 1/2 are constants. Similarly, for the sesquilinear form a 2 (·, ·), since
where β > 0 and 0 < ε < 1/2 are constants. Next, we consider the sesquilinear form a 3 (·, ·). The Hölder inequality and the arithmetic-geometric mean inequality give
. Then by the trace theorem and the Sobolev embedding theorem we have 25) where β > 0 and 0 < ε < 1/2 are constants. Similarly, for the sesquilinear form a 4 (·, ·), it follows that
Finally, for the the sesquilinear form b(·, ·), we define
It follows from Theorem 4.2 in [27] that
A combination of (3.27)-(3.29) implies that
because of the Sobolev embedding theorem where β > 0 and 0 < ε < 1/2 are constants. Therefore, a combination of (3.23)-(3.26) and (3.30) yields (3.19) . This completes the proof. Now, the existence result follows immediately from the Fredholm Alternative theorem: Uniqueness implies the existence. As a consequence of Theorem 3.4 and 3.5, we have the following theorem.
Theorem 3.6. Let the surface Γ and the material parameter (µ, λ, ρ) be such that there are no traction free solutions, then the variational equation (3.13) admits a unique solution.
Modified nonlocal boundary value problem

Truncated DtN mapping
In practical computing, one needs to truncate the infinite series of the exact DtN mapping at a finite order to obtain an approximate DtN mapping written as
Obviously, S N is also a linear bounded operator. Here, the non-negative integer N is called the truncation order of the DtN mapping. Consequently, we arrive at a truncated nonlocal boundary value problem consisting of (3.5)-(3.8) and
We include the point estimate for the difference of S and S N proposed in [27] in the next theorem.
Theorem 4.1. Suppose that the DtN mappings S and S N are defined as in (3.2) and (4.1), respectively. Then, for given ϕ ∈ H s (Γ R ), s ∈ R, there holds, for all t ≥ 0,
where c > 0 is a constant independent of ϕ and N , (N, ϕ) is a function of the truncation order N and ϕ for given values of s and t, generated by the addition of leading terms to the summation with positive terms for the construction of the norm on the space
From the estimation (4.4) we can observe that the truncation error between S and S N tends to zero as N → ∞. However, when t = 0, the attenuation property depends on (N, ϕ) and we know few about this function. We now give a new and more apparent truncation error estimate for some special ϕ ∈ H s (Γ R ) which will be used in the subsequent discussions. 
where 0 < q < 1 is a constant independent of N .
Proof. Case 1: Suppose that p satisfies (3.1). We know that p admits an expansion taking the form
Here, Γ + := max{|x|, x ∈ Γ}. It easily follows that
For some small ε > 0, we have
n (kR)
Note that for sufficiently large |n| and z > 0,
Then we deduce that there exists a N 0 > 0 such that for |n| > N 0 ,
where q := (Γ + + 2ε)/R < 1. These further imply that
Then for |n| > N 0 , we deduce from the trace theorem that
We conclude that
Case 2: Suppose that p satisfies (4.3). We know that p admits an expansion taking the form
According to the condition (4.3), we conclude that
which implies that
It follows that
The proof of the remaining assertions is analogous to that of Case 1.
Modified weak formulation
We now consider the modified variational equation of (3.13) due to the truncation of the DtN mapping: 6) where
Theorem 4.3. The sesquilinear form A N (·, ·) in (4.6) satisfies
where c > 0, α > 0, β ≥ 0 and 0 < ε < 1/2 are constants independent of U and V.
Proof. It is easy to deduce (4.7) due to the fact that S N is also bounded. We now show the proof of (4. 
and these further imply that
where β > 0 and 0 < ε < 1/2 are constants. Consequently, by the combination of (3.23)-(3.26) and (4.9), we completes the proof of (4.8).
Now, we present some preliminary results before showing the uniqueness (Theorem 4.11) of the modified variational equation (4.6) which is the key ingredient of this work. 
which further induce the norms ||| · ||| 1 on (H 1 (Ω)) 2 and ||| · ||| 2 on
From the above definition together with (3.22) and (3.28), we conclude that there exist constants
Now, let { Φ i , λ i } and { ϕ i , λ i } be eigenpairs satisfying
12)
where (·, ·) H is the classical L 2 inner product on H. Without loss of generalities, we assume that 0 <
{ ϕ i } and we define
Then we have
with ( f 1 , f 2 ) ∈ H 0 . Then there exists a positive constant c such that
Proof. The first assertion for u follows from the interior regularity estimates ( [11] ). We now prove the regularity results for p. It follows that b 1 (·, ·) is the corresponding sesquilinear form of the DtN mapping for the solution of homogeneous Laplace equation outside Ω. Now we define
where p(R, θ) = n≥0 (a n cos nθ + b n sin nθ).
Then we conclude from interior regularity estimates that p = p ∈ H 2 (Ω R ) and
in which the last inequality follows from the fact that p satisfies a stable variational problem on H 1 (Ω R+1 ).
Then (4.12) and (4.13) imply that
Therefore, (4.19) follows from Lemma 4.6 and (4.15).
Proof. From (4.10) and (4.11), we know 
The Sobolev embedding theorem and the the interpolation inequality for 0 < θ = 1/2+ε < 1, 0 < ε < 1/2 gives
A combination of (4.10), (4.11) and (4.17) leads to
Thus, we conclude from (4.21)-(4.23) that 24) where
Then for M 1 , M 2 ≥ M 0 , there exists a constant C 1 = 2C α such that (4.20) holds.
where c > 0 and 0 < ε < 1/2 are constants independent of U and V.
Proof. It easily follows that
where c > 0 is a constant. Then the interpolation inequality and (4.23) leads to (4.27).
and a positive constant c such that
Proof. Firstly, we observe that for W = (w, ) ∈ H 1 , we can rewrite it as
. Then from (4.10) and (4.11) we know that
Similarly, we have
From the stability of (3.13), we know that there exists a W = (w, ) ∈ H 1 such that
where c > 0 is a constant. Let V = W M . Therefore, Corollary 4.3, (4.30) and (4.31) yield
Let M 0 > 0 be such that
Thus, (4.28) holds for M 2 ≥ M 0 .
Theorem 4.11. Let the surface Γ and the material parameter (µ, λ, ρ) be such that there are no traction free solutions, then there exists a constant N 0 = N 0 ≥ 0 such that the modified variational equation (4.6) has at most one solution for N ≥ N 0 .
Proof. Here we prove that for all U = (u, p) ∈ H 1 , there exists a constant N 0 = N 0 ≥ 0 such that
where c > 0 is a constant. Then the Theorem follows immediately. We use the same form as (4.29) to represent U as
M2
. If U = 0, then (4.33) holds due to Corollary 4.8. If U = 0, we can obtain from Corollary 4.10 that there exist V M = (v M1 , q M2 ) ∈ H M1 × H M2 and a positive constant c such that
Then (4.34) together with Corollary 4.8 give
According to Theorem 4.1, we obtain
Additionally, we have that
Then Theorem 4.1 gives
Therefore, (4.44) and (4.45) give
where c > 0 is a constant. This completes the proof.
According to Theorem 4.3, Theorem 4.11 and the Fredholm alternative theorem, we are let to the following result.
Theorem 4.12. Let the surface Γ and the material parameter (µ, λ, ρ) be such that there are no traction free solutions, then there exists a constant N 0 ≥ 0 such that the modified variational equation (4.6) admits a unique solution (u N , p N ) ∈ H 1 for N ≥ N 0 .
Finite element analysis
Our main goal in this section is to establishing a priori error estimates ( [16, 19, 20, 27] ) for the finite element solution of (4.6) in terms of the finite element mesh size h and the truncation order N in appropriate Sobolev spaces. It has been known that numerical errors induced from the truncation of DtN mapping are exponentially decaying ( [36] ), and thanks to the error estimate (4.5), we are able to derive a new upper bound of numerical errors indicating such effect explicitly.
Galerkin formulation
Let H h = (S h , S h ) ⊂ H 1 be the standard finite element space. Now we consider the Galerkin formulation of (4.6): Given
It can be shown ( [28] ) that the discrete sesquilinear form A N (·, ·) satisfies the BBL-condition as implication of the following:
Gårding's inequality + Uniqueness + Approximation property of H h ⇒ BBL-condition.
Theorem 5.1. Let the surface Γ and the material parameter (µ, λ, ρ) be such that there are no traction free solutions and suppose that the finite element space H h ⊂ H 1 satisfies the standard approximation property, then there exist constants N 0 ≥ 0 and h 0 > 0 such that A N (·, ·) for 0 < h ≤ h 0 , N ≥ N 0 satisfies the BBL condition in the form
Here γ > 0 is the inf-sup constant independent of h.
From the BBL condition (5.2), we are allowed to derive a priori error estimates for the finite element solution U h ∈ H h .
Asymptotic error estimates
In this subsection, we mainly derive a reasonable priori error estimates on appropriate Sobolev spaces including error effects of both the numerical discretization and the truncation of infinite series. We first establish an upper bound of numerical errors analogous to the well-known Céa's lemma in the positive definite case. 
where c > 0 is a constant independent of h and N .
Proof. From the BBL condition (5.2), we know that
by replacing V h with U h − V h ∈ H h . According to (3.13) and (5.1), we have
and 6) respectively. Therefore, substracting (5.5) from (5.6) leads to
Thus, by (5.7), the inequality (5.4) implies that
where c is a positive constant. Consequently, the triangular inequality and the formulation (5.8) yield,
and this further leads to
where c > 0 is a constant independent of h and N . This completes the proof.
From the estimate (5.3), we can see that the numerical errors is constructed by two single terms. We study the first term correlated with the finite element meshsize h by using the approximation theory, and the second term dependent on the truncation order N by employing the point estimate (4.5). Let
In the following, starting with the estimate (5.3), we derive a priori error estimates measured in H 1 -norm and H 0 -norm respectively to conclude this section.
Theorem 5.3. Suppose that U ∈ H t for 2 ≤ t ∈ R. Then there exist constants h 0 > 0 and N 0 ≥ 0 such that for any h ∈ (0, h 0 ] and N ≥ N 0
where c > 0 and 0 < q < 1 are constants independent of h and N .
Proof. We have known from Theorem 5.2 that 10) where c > 0 is a positive constant. The approximation property of the finite element space H h gives 11) where c > 0 is a positive constant independent of h. We now consider the second term in (5.10). The trace theorem implies that there exists a bounded linear operator γ : 12) where ·, · Γ R is the standard L 2 duality pairing between H −1/2 (Γ R ) and H 1/2 (Γ R ), and γ * :
is the adjoint operator of γ. Therefore, we have
because of Theorem 4.2 and the boundedness of operators γ and γ * . The proof is hence established by following a combination of (5.11) and (5.13).
We now extend the error estimate in the energy space to the one measured in the
Theorem 5.4. Suppose that U ∈ H t for 2 ≤ t ∈ R. Then there exist constants h 0 > 0 and N 0 ≥ 0 such that for any h ∈ (0, h 0 ] and N ≥ N 0
Proof. Let E = (e 1 , e 2 ) = U − U h be the finite element error. Then by (5.7) in Theorem 5.2, we have
Now, we consider the following boundary value problem:
18) 
Replacing V by E in (5.21) gives
Then subtracting (5.22) from (5.15) leads to, for
Theorem 4.4, the approximation property of H h and the regularity theory imply that 24) where c > 0 is a constant. Following the same argument in Theorem 5.3 and choosing t = 2, we arrive at, by the regularity theory,
Similarly, we also have Thus, by the triangular inequality we know
Therefore, by the combination of the inequalities (5.24)-(5.26) and (5.9) we have
Finally, according to the fact that h ∈ (0, h 0 ] and N ≥ N 0 , we arrive at (5.14).
Numerical experiments
In this section, we present several numerical tests to validate our theoretical results, and, unless otherwise stated, we always take the parameters ω = 1, µ = 1, λ = 1, ρ = 1, ρ f = 1 and R 0 = 1. We first introduce a model problem whose analytical solution is available so that we are able to evaluate the accuracy of the numerical solution. We consider the scattering of a plane incident wave p inc = e ikx·d with direction d = (1, 0) by a disc-shaped elastic body of radius R 0 (see Figure 2 ). For the exact solution of this model problem, please see the Appendix. In numerical computations, the computational domain Ω and Ω R are discretized by uniform triangle elements and we employ piecewise linear basis functions
and {ψ i } i=N2 i=1
in Ω and Ω R , respectively, to construct the finite element space H h . Here, N 1 and N 2 are the total number of elements in Ω and Ω R , respectively. To find the finite element solution of (5.1), one needs to compute the integrals
for those ψ i and ψ j not vanishing on Γ R . For the sake of simplicity, (6.1) can be approximated by
where {ζ i } are the corresponding piecewise linear basis functions in terms of θ on Γ R . Thus, the computation of integrals (6.1) amounts to evaluating a series as
n (kR) πH In the numerical experiments, we firstly check the accuracy of the DtN-FEM. We choose R = 2, N = 20 and consider three different wave numbers k = 1, 2 and 4. Figure 3 shows the exact and numerical solutions of the elastic displacement u = (u x , u y ) in the solid and the acoustic scattered field p in the fluid for the problem (2.1)-(2.5) with k = 1 and meshsize h = 0.1076. We can observe that the numerical solutions are in a perfect agreement with the exact series solutions from the qualitative point of view. According to Theorems 5.3 and 5.4, as the truncation order N of the DtN mapping is large enough that the domain discretization error is dominant, we should be able to observe that
for the finite element space H h . In Figure 4 , we show the log-log plot of errors U − U h measured in H 0 and H 1 -norms with respect to 1/h which verifies the convergence order of O(h 2 ) and O(h). Finally, we are concerned with the effects of truncation order N on the total numerical errors. We choose k = 1 and compute the numerical errors measured in H 0 -norm for three different meshsizes h =0.4304, 0.2151 and 0.1076, respectively. The log-log plots of errors are presented in Figure 5 showing that the errors due to the truncation of the DtN mapping decay extremely fast, arriving at the low bound correlating to each finite element mesh size. 
Conclusion
In this paper, we consider the DtN-FEM solving the two dimensional FSI problem in which the DtN mapping is defined by a Fourier series on a circle. Uniqueness and existence of solutions for the corresponding variational problem are established. We also consider a truncated variational problem due to the truncation of DtN mapping and its solvability results are given by using a novel proof technique. A priori error estimates involving the effects of both finite element meshsize and the truncation order of series for the proposed DtN-FEM are derived. The investigation strategy in this article will be extended to other scattering problems in the future. where X n = (A n , C n , D n )
T . For the system matrix E n and vector e n , the elements (identified by the super-script) are computed as follows:
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